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Comment on “On two misconceptions in current relativistic quantum information”
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1Instituto de F´ısica Fundamental, CSIC, Serrano 113-B, 28006 Madrid, Spain
We show that, contrarily to the claims in [K. Bradler, (2011), arXiv:1108.5553] (and
arXiv:1201.1045), the reference [Phys. Rev. A 83, 062323 (2011)] is devoid of flaws or mistakes. We
show that the criticism comes from a misunderstanding of part of our work. We also discuss the
claims made in arXiv:1108.5553 about entanglement measures as a valid tool in relativistic quantum
information.
In [1] we showed that some previous results on fermi-
onic entanglement in non-inertial frames were not phys-
ical due to the arbitrary endowing of a tensor product
structure on the fermionic field before computing entan-
glement measures. We found that this scheme of endow-
ing a tensor product structure to the Fock space may still
yield physical results if a particular tensor product struc-
ture (different from that of the literature) was chosen.
In [2], K. Bra´dler claimed that our work is flawed. His
criticisms seem to reflect that he understood our work as
claiming that there is a real ambiguity in physical results
when studying entanglement in noninertial frames. This
is not our claim, and in this work we intend to show expli-
citly where the misunderstandings lie. We will show that
the formalism in [1] is exactly equivalent to the deriva-
tion provided in [2]. K. Bra´dler and R. Ja´uregui recently
published a comment to [1] that appeared in [3]. The
contents of [3] are fully contained in [2], and hence this
paper constitutes a contestation to both works.
Indeed, in [1] we do not claim that there is an am-
biguity in the way entanglement is defined in fermionic
systems, but rather, it is in the way it had been com-
puted by some previous works on field entanglement in
noninertial frames. After considering [2], we feel that this
crucial point was not clear enough in our original article.
It is true that seeking to illustrate the problem with
simple examples of the phenomenon we wanted to show,
we chose field states not complaining with the fermionic
superselection rule. This was regarded by [2] as a fatal
flaw of our work. In this reply we show that it was only
was an academic choice of the examples for the sake of
simplicity. Indeed, the particular states used in these
examples are irrelevant for the results of [1], so we give
here similar examples but now compliant with the rule
showing that this fact has no impact on our claims.
In section I we explicitly show the equivalence of the
formalism in [2] with the one used in [1], both giving
exactly the same results. In section II we discuss the
fermionic superselection rule as applied to our states, and
reviews the negativity as a valid entanglement measure
for fermionic systems, contrasting our views with those
of [2]. Finally, section III presents our conclusions.
I. TENSOR PRODUCT STRUCTURES AND
ENTANGLEMENT
We will show that the final results of [1] (see sec. IV
of that work) are consistent with the fermionic nature of
the field just as well as the results in [2], contrary to the
claims in [2].
First, the author of [2] correctly asserts that there is
no natural tensor product structure in a multipartite fer-
mionic system, as this would conflict with the canonical
anticommutation relations. [2] considers that these dif-
ferent results appeared only because we did not respect
the canonical anticommutation relations.
However, this is not the case. The fact that there is
no natural tensor product structure in a fermionic sys-
tem is a well-known problem and especially manifests in
quantum information theory when partitions of fermionic
systems have to be defined.
Not even the braided tensor product suggested in [2]
is exempt of these issues when the problem of separab-
ility comes forth. As a concrete example, consider the
fermionic 4-mode state
|Ψ〉 = 1
2
(|1a1c〉+ |1a1d〉+ |1b1c〉+ |1b1d〉)
=
[
1√
2
(|1a〉+ |1b〉)
]
⊗˜
[
1√
2
(|1c〉+ |1d〉)
]
. (1)
which factors with respect to the braided tensor product
when expressed in the basis
|1a1c〉 = a†⊗˜ c† |0〉 , |1b1c〉 = b†⊗˜ c† |0〉 ,
|1a1d〉 = a†⊗˜ d† |0〉 , |1b1d〉 = b†⊗˜ d† |0〉 . (2)
This state can be also expressed in the basis
|1a1c〉′ = a†⊗˜ c† |0〉 , |1b1c〉′ = b†⊗˜ c† |0〉 ,
|1a1d〉′ = a†⊗˜ d† |0〉 , |1d1b〉′ = −d†⊗˜ b† |0〉 . (3)
that differs in one sign due to the anti-symmetry prop-
erties of fermionic systems (we have permuted the labels
of first and second subsystem). Then it reads
|Ψ〉 = 1
2
(|1a1c〉+ |1a1d〉+ |1b1c〉 − |1d1b〉) , (4)
which is not factorisable (in fact it is maximally entangled
with respect to the basis defined by the braided product).
2Of course we are not extracting any conclusions about
the physical meaning of this factorisability, only show-
ing that problems with multipartite fermionic tensorial
structures are present even if we use the formalism in [2]
and even if the state has no superselection rule issues.
In the first version of [2], a similar example was disreg-
arded due to the lack of compliance with the fermionic
superselection rule discussed in [2] and below. Version
2 of [2] addresses the example (1) and correctly explains
it by asserting that entanglement is partition-dependent.
This is precisely our conclusion: different fermionic op-
erator orderings may result in different bipartitions and
thus different entanglement behaviours.
However, we are not claiming that the formalism used
in [2] is incorrect, on the contrary, we claim that it is
equivalent to what we do in [1]. In that article we simply
use a different approach than that in [2] which is equally
valid since all the physical conclusions are the same. To
show that, we now proceed to describe our approach in
detail from a somewhat more mathematical viewpoint
than that used in [1]; to do so, we start with some defin-
itions.
We shall consider a particular set of m + n fermionic
modes. The annihilation operators of these modes will
be labeled as ai and cj , with i = {1 . . . n}, j = {1 . . .m}.
These modes span a 2m+n-dimensional fermionic Fock
space when acting on their vacuum state |0〉a ⊗˜ |0〉c. We
can define the usual particle number basis as follows:
|1 . . . 1〉︸ ︷︷ ︸
m+n
a1...anc1...cm
= (a1)
†
. . . (an)
†
(c1)
†
. . . (cm)
† |0〉a ⊗˜ |0〉c (5)
and for any basis elements with a 0 instead of a 1, we
just remove the corresponding operator on the r.h.s.
We also consider a field state ρ over this Hilbert space.
This state will be uniquely determined by its matrix ele-
ments in the basis described above, so that
ρ =
∑
ka,la,kc,lc
ρka,la,kc,lc |kakc〉〈lcla| (6)
where ka, kc are strings of 0’s and 1’s of length n and la
and lc are strings of 0’s and 1’s of length m. Here, it is
worth noticing that
(|l〉a1...anc1...cm)† = 〈l|cm...c1an...a1 . (7)
Note the reordering of the mode labels in (7).
Finally, we introduce a mapping from this fermionic
Fock space to a qubit Hilbert space of m+ n modes:
Definition Let aBos.i and c
Bos.
j be two sets of bosonic
operators acting on their vacuum state |0〉. For each
fermionic state ρ, we define Q(ρ) as the state formally
obtained as follows: First, write down ρ in the basis (5)
(i.e. as in (6)). Then, formally replace each ai with a
Bos.
i ,
cj with c
Bos.
j and the vacuum state |0〉 with |0〉.
We will denote the inverse mapping by Q−1. The re-
striction of this mapping to the subspace spanned by
aBos. modes on |0〉 will be denoted as Q−1|a.
Note that this definition relies heavily on the use of
the basis (5). We can define analogous mappings which
are different to Q and which rely on different bases, ob-
tained e.g. by permuting the operators in (5). This way
we obtain a family of different mappings, each of them
associated to an ‘operator ordering’ . The mapping Q
corresponds to what we call the ‘physical ordering’ in [1].
The map Q can be said to be equivalent to the ‘en-
dowing’ of a particular tensor product structure on the
fermionic Fock space. This formal endowing has been
widely used in the literature [4–14]. We are aware of the
fact, pointed out in [2], that fermions and bosons cor-
respond to different group representations; this is not an
obstacle for the definition of Q. Of course, if care is not
taken in the choice of basis (5), this procedure leads to
unphysical results for reduced states and entanglement
measures among other things. [1] studies when and how
this procedure can be used to obtain correct, physical
results. These results are the same as those which would
be obtained with the braided formalism of [2].
Finally, we remark that the key point in the definition
of Q is the relative ordering between the a and c operat-
ors. A permutation of c-operators in (5) is irrelevant. If
we permute, for instance, the positions of c3 and c2, then
it is a simple matter of defining the basis as
|1 . . . 1〉′︸ ︷︷ ︸
m+n
a1...anc1c3c2...cm =
(a1)
†
. . . (an)
†
(c1)
†
(c3)
†
(c2)
†
. . . (cm)
† |0〉a ⊗˜ |0〉c , (8)
and define Q using this basis.
Now, for some reason, we are interested in tracing out
the c modes. In the context of [1], this is because field
modes living in region II of Rindler spacetime are causally
disconnected from the observers. This is implemented by
the partial trace, which may be defined as
ρ→ Trc(ρ) ≡∑
j1,j2...jm∈{0,1}
〈0|c (cm)jm . . . (c1)j1ρ(c†1)j1 . . . (c†m)jm |0〉c
(9)
Note that (9) may give ambiguous results for states
not complying with the superselection rule of [2], but it
defines an unique reduced state for states within a given
superselection sector.
We now prove that the same result is obtained through
direct application of (9) or, equivalently, through the use
of the Q mapping (i.e. the tensor product structure as-
sociated to the ‘physical ordering’), which is what we do
in our paper:
Theorem I.1 Let ρ be a fermionic state compliant with
the fermionic superselection rule. Then the equality
Trc(ρ) = Q−1|a ◦ TrBos.c (Q)(ρ)
3holds, where TrBos.c is the usual partial trace operation in
a qubit system.
Proof Since by virtue of the definition (9) the fermionic
partial trace is a linear operator, we can consider each of
the terms in (6) independently. For each of these terms,
we have
Trc |kakc〉〈lcla| =
δkc,lc(cm)
j1 . . . 〈0|c (c1)j1 (a†1)i1 . . . (a†n)in(c†1)j1 . . . (c†m)jm
|0〉〈0| (cm)jm . . . (c1)j1(an)kn . . . (a1)k1(c†1)j1 . . . (c†m)jm |0〉c
= (a†1)
i1 . . . (a†n)
in |0〉〈0| (an)kn . . . (a1)k1
= δkc,lc |ka〉〈la| (10)
the last equality holding because in the second line of
(10) the number of a-operators to the left and the num-
ber of a-operators to the right of |0〉〈0| are of the same
parity, due to the superselection rule. Hence, both left
and right operators give the same global sign when all
the anticommutators are computed, giving no extra an-
ticommutation signs.
The trace on Q(ρ) is also a linear operator, so we also
consider the terms independently. In this case, no sign
issues appear and the reduced state is simply |ka〉〈la|Bos.,
where the subscript reminds that this is still a qubit state.
But now, Q−1|a maps |ka〉〈la|Bos. to |ka〉〈la|, which ends
the proof.
Note that this theorem implies that any operation be-
ing a function of the fermionic matrix elements only (for
instance, to study separability or correlations) is bound
to give the same results for Trc(ρ) and Tr
Bos.
c Q(ρ). As
in our article we only use this kind of operations, this
implies that our work is devoid of algebraic mistakes.
We have just proven that using Q guarantees the cor-
rectness of our results. As we mentioned before, we can
also define other mappings analogous to Q, but which
take bases different from (5) as the starting point for
their definition. For instance, we could rearrange the
operators in (5) in an arbitrary ways, and then by an
analogous definition to that in section I we would obtain
different mappings, say D1 and D2 among others.
The first section of our work (more concretely, eqs. (5-
6) and their associated discussion), where [2] considers
that there are algebraic mistakes, is just a simple proof
by counterexample of the fact that, in general,
D−11 |a ◦ TrBos.c ◦D1 6= D−12 |a ◦ TrBos.c ◦D2. (11)
In other words, all [1] does is to consider the class of
all these mappings Di (each identified by the fermionic
operator ordering they come from) and analyses the en-
tanglement properties of the qubit systems they give rise
to. This does not lead to physical results in general, but
it is what has been done before in the literature. We
also provide a particular class of operator orderings (and
their associated Di) which can be regarded as physical;
when we perform the partial trace in the qubit state,
the states obtained are exactly those obtained with the
braided tensor product formalism in [2].
A simple proof of the validity of the formalism de-
veloped in [1] can be seen in [15], where it is shown that
in general entanglement of fermionic systems must con-
verge in the infinite acceleration limit. This work shows
how the measures computed using nonphysical operator
orderings do not comply with this requirement, while
measures computed using the physical ordering [1] do.
Considering these various unphysical orderings is far
from being a fruitless mathematical exercise; endowing
a fermionic system with some particular tensor product
structure may prove quite useful, for instance, when com-
puting the field vacuum and excitations. This was the
main reason for doing so, as can be seen in our paper as
well as in a number of other works [4–13]. Even [14] (a
seminal article cited in [2]) uses a definite tensor product
structure defined on a fermionic Hilbert space to provide
a separability criterion for fermionic systems.
We are not claiming, as [2] suggests, that endowing a
tensor product structure a fermionic field becomes a bo-
sonic one. This would indeed lead to a number of para-
doxes thoroughly pointed out by [2]. However, this is not
what we did in [1]. Rather, we established a correspond-
ence between fermionic and bosonic fields and study how
physical results for the fermionic case may be obtained
from the corresponding bosonic systems.
To sum up, what [2] discusses is just another formal-
ism for studying the same issues, not unlike other ap-
proaches such as defining entanglement only through ob-
servables as it is done in [16], or through observable-
induced tensor products [17]. Furthermore, the endow-
ing of tensor product structures on fermionic systems as
a separability criterion is not new [14]. Our aim when
we wrote the paper was to make it accessible for all the
people who had written papers about fermionic entangle-
ment in non-inertial frames without taking proper care
of the problems regarding the tensor product structure
of fermionic systems.
We realise that, maybe, the choice of title and abstract
in [1] was not very fortunate. Instead of calling it ‘ambi-
guity in noninertial frames’, which may suggest that we
were reporting a real ambiguity, we should have emphas-
ised the fact that we were pointing out and correcting an
issue present in previous literature on fermionic entan-
glement in noninertial frames.
II. SUPERSELECTION RULES AND
ENTANGLEMENT MEASURES
The author of [2] notes that the state in equation (3)
of reference [1], namely
|Ψ〉 = 1
2
(|00〉+ |01〉+ |10〉+ |11〉) (12)
4with
|00〉 = |0〉 , |10〉 = a† |0〉 , |01〉 = b† |0〉 ,
|11〉 = a†b† |0〉 (13)
does not comply with the fermionic superselection rule.
This is true, but not relevant for the argument. As ref-
erence [18] explains, the issue of wether or not a certain
field state can or cannot be formed in practice cannot be
settled by reference to symmetry principles resulting in
superselection rules (in the case at hand, these would be
rotational and CP symmetries), since we can always en-
large the symmetry group to a new one which lacks these
superselection rules [18].
In any case, we were not claiming to be able to con-
struct such states. In section of [1] we were merely
presenting an academical example and not studying
physical field states yet; the state (1) reflects the fact
that a state (a legitimate element of the Fock space) may
be regarded as separable or entangled, if we map it to a
qubit system, depending on the operator ordering chosen.
In any case, (1) or the three-mode state (eq. (10) of [2]
and (5) of [1]) are just examples to illustrate the kind
of manipulations which are employed in [1]. Although
the very general family of states presented in [1] does not
fulfill the superselection rule, all the particular physical
field states studied in that work do comply with it. This
is also the case of the state (1) which is nothing but a
reformulation of the example state (12) but compliant
with the superselection rule.
Continuing with this point, [2] claims that neither the
Grassman field state
|Ψ〉 = 1√
2
(|0〉
A
|0〉
R
+ |1〉
A
|1〉
R
) (14)
nor the Dirac state
|Ψ〉 = 1√
2
(|↑〉
A
|↓〉
R
+ |↓〉
A
|↑〉
R
) (15)
are analysed in [1]. However, state (14) corresponds to
figure 2 of [1], whereas state (15) corresponds to figure 3
of that work. We acknowledge that this last case may be
confusing due to the fact that in eq. (20) of [1], where
Alice’s basis should have been denoted as {|↑〉 , |↓〉} in-
stead of {|0〉 , |1〉}.
In spite of these answers, [2] indeed raised an import-
ant style flaw in [1]: We introduced states and families of
states not compliant with the superselection rule, when
this was not necessary at all for our arguments or con-
clusions. In one case, the use of states violating the rule
allowed us to present clearer examples of the phenom-
ena under consideration; in the other, it was done only
for the sake of generality, although the particular cases
considered were compliant with the rule. But the intro-
duction of these states has led the discussion far from the
main points raised in [1], and the derived confusion out-
weighs the benefits obtained by far. If we were to write
[1] anew, we definitely would not use the same examples.
After this point, the criticism in [2] broadens from [1] to
a questioning of the entanglement measures employed in
many previous works in field entanglement in non-inertial
frames. [2] claims that, as a consequence of the superse-
lection rule, some entanglement measures are ill-defined.
While it is true that these entanglement measures can-
not be interpreted exactly in the same way as for bosonic
fields, some points of this interpretation remain, however:
If a fermionic bipartite field state ρ is separable, meaning
that it may be written as
ρ =
∑
i
piAiBi |0〉〈0|BiAi, pi > 0 (16)
with Ai containing only creation operators of the first bi-
partition, and Bi containing only operators of the second,
then it has vanishing negativity. The converse statement
also holds for 2× 2 and 2× 3 dimensional systems.
Furthermore, [2] asserts that the superselection rule
invalidates the use of entanglement measures in fermionic
fields, save in a few specific cases. However, this criticism
is only relevant as long as we consider field states with
different superselection parities for each of the parties. If
we consider the field state of [12]
|Ψ〉 = 1√
2
(|0〉
A
|0〉
R
+ |1〉
A
|1〉
R
) (17)
then it is true that a Fock space basis for any of the
parties (Alice or Rob) must include states in different
superselection sectors, such as |0〉 and |1〉. But if follow-
ing [1] we consider e.g. a Dirac singlet state, such as
|Ψ〉 = 1√
2
(|↑〉
A
|↓〉
R
+ |↓〉
A
|↑〉
R
) (18)
then the Fock space basis for any party is composed of
states in only one superselection sector. In this case,
entanglement measures such as negativity recover exactly
the same meaning they would have for qubit systems,
since the superselection rule now becomes trivial.
Finally, [2] ellaborates over the various benefits of
studying field entanglement in non-inertial frames with
the tools of quantum Shannon theory. Though we ac-
knowledge these benefits, we see it as a complementary
tool rather than an invalidation of the use of entangle-
ment measures in noninertial frames. Negativity (the
measure we use in [1]) for instance is a direct measure
of the distillable entanglement present in the state under
consideration, which may be purified by means of stand-
ard protocols[19].
It can be shown, however, that the qualitative results
are not very dependent on the entanglement measure em-
ployed either. For instance, [2] computes the entangle-
ment of formation (that has a clear operational meaning)
in the same setting we consider, and there are no qual-
itative differences with our result: the behaviour of the
entanglement of formation is qualitatively the same as
negativity.
5Independently of the many uses quantum Shannon the-
ory may have, entanglement measures provide a clear
and straightforward way to study quantum correlations
between two parties; this, and nothing else, is what has
been done in the numerous works on the subject.
III. CONCLUSIONS
We have shown that there are no algebraic mistakes in
[1]. We are not directly studying a fermionic system, but
rather a qubit one obtained by means of a well-defined
mapping. We simply characterise the set of these map-
pings and find the circumstances under which they give
rise to physical results. The mere existence of [2], how-
ever, proves that we have failed in our attempt to trans-
mit our ideas in a clear and concise way. It is our hope
that this comment may shed some light on the more con-
fusing parts of [1].
It is true that we use states violating the superselection
rule, but do so only for an academical example in which
the parity of the fermionic states plays no role. The main
results of [1] all comply with the superselection rule. Nev-
ertheless, all of our results could (and should) have been
presented with states compliant with the superselection
rule, thus avoiding these concerns.
Also, although the interpretation of entanglement
measures for fermionic systems may not be the same as
for qubits in general, there are field states for which such
an interpretation may be recovered (such a Dirac singlet
state).
Finally, though quantum Shannon theory may be an
useful tool to study quantum information transmission,
entanglement measures provide a clear and straightfor-
ward way to study quantum correlations between two
parties, wether in a relativistic setting or not.
IV. ACKNOWLEDGEMENTS
We thank Juan Leo´n for our interesting and useful dis-
cussions related to this work.
[1] M. Montero and E. Mart´ın-Mart´ınez, Phys. Rev. A 83,
062323 (2011).
[2] K. Bra´dler, (2011), arXiv:1108.5553.
[3] K. Bra´dler and R. Ja´uregui, Phys. Rev. A 85 016301
(2012) arXiv:1201.1045.
[4] P. M. Alsing, I. Fuentes-Schuller, R. B. Mann, and T. E.
Tessier, Phys. Rev. A 74, 032326 (2006).
[5] J. Leo´n and E. Mart´ın-Mart´ınez, Phys. Rev. A 80,
012314 (2009).
[6] E. Mart´ın-Mart´ınez and J. Leo´n, Phys. Rev. A 80,
042318 (2009).
[7] Q. Pan and J. Jing, Phys. Rev. A 77, 024302 (2008).
[8] Q. Pan and J. Jing, Phys. Rev. D 78, 065015 (2008).
[9] S. Moradi, Phys. Rev. A 79, 064301 (2009).
[10] D. C. M. Ostapchuk and R. B. Mann, Phys. Rev. A 79,
042333 (2009).
[11] J. Wang and J. Jing, Phys. Rev. A 82, 032324 (2010).
[12] D. E. Bruschi, J. Louko, E. Mart´ın-Mart´ınez, A. Dragan,
and I. Fuentes, Phys. Rev. A 82, 042332 (2010).
[13] S. Khan and M. K. Khan, J. of Phys. A 44 (2011).
[14] M.-C. Ban˜uls, J. I. Cirac, and M. M. Wolf, Phys. Rev.
A, 76, 022311 (2007).
[15] M. Montero and E. Mart´ın-Mart´ınez, arxiv:1111.6070
(2011).
[16] H. Barnum, E. Knill, G. Ortiz, R. Somma, and L. Viola,
Phys. Rev. Lett., 92, 107902 (2004).
[17] P. Zanardi, D. A. Lidar, and S. Lloyd, Phys. Rev. Lett.,
92, 060402 (2004).
[18] S. Weinberg, The Quantum Theory of Fields I (Cam-
bridge University Press, 1995).
[19] J.- W. Pan, C. Simon, C˘. Brukner, and A. Zeilinger,
Nature 410, 1067-1070 (2001).
